Abstract. We present some combinatorial interpretations for coefficients appearing in series partitioning the permutations avoiding 132 along marked mesh patterns. We identify for patterns in which only one parameter is non zero the combinatorial family in bijection with 132-avoiding permutations and also preserving the statistic counted by the marked mesh pattern.
Given a sequence w = w 1 . . . w n of distinct integers, let pack(w) be the permutation obtained by replacing the i-th largest integer that appears in w by i. For example, if w = 2754, then pack(w) = 1432. Given a permutation τ = τ 1 . . . τ j in the symmetric group S j , we say that the pattern τ occurs in a permutation σ ∈ S n if there exist 1 i 1 · · · i j n such that pack(σ i1 . . . σ ij ) = τ . We say that a permutation σ avoids the pattern τ if τ does not occur in σ. We will denote by S n (τ ) the set of permutations in S n avoiding τ . This paper presents some combinatorial results concerning the generating functions A lot of different combinatorial families are counted by the Catalan numbers, and here Dyck paths appears to be the objects having a nice behavior with the statistic associated with the pattern M M P (ℓ, 0, 0, 0). 2 3 4  5  6  7  8  1  1  2  1 1  3  1 2 2  4  1 3 5 5  5  1 4 9 14 14  6  1 5 14 28 42 42  7  1 6 20 48 90 132 132  8  1 7 27 75 165 297 429 429 There is a nice formula for computing directly any coefficient
We recall that a Dyck path with 2n steps is a path on the square lattice with steps (1, 1) or (1, −1) from (0, 0) to (2n, 0) that never falls below the x-axis.
Theorem 2.1. Q (ℓ,0,0,0) 132 | t n x k counts the number of Dyck paths with 2n steps having exactly k steps (1, −1) ending at height greater than or equal to ℓ.
Proof. This can be seen thanks to Krattenthaler's bijection [Kra01] between 132-avoiding permutations and Dyck paths. The bijection consists in starting from the empty path and constructing progressively a Dyck path by a left to right reading of the permutation σ = σ 1 . . . σ n . For each value σ i , we complete the path with some increasing steps followed by a single decreasing step so that the height of the path at this actual point is equal to the number of remaining values σ j for j > i greater than σ i (see Figure 3) . On the permutation σ of Figure 1 , 7 sees two greater values on its right, and so does 6. 8 sees only the 9 which itself cannot see any greater value as it is the highest. The proof is now immediate since Krattenthaler prove that this construction constitutes a bijection. By construction, mmp(ℓ, 0, 0, 0) is equal to the number of points at height greater or equal to ℓ reached by a decreasing step. This gives another proof of Theorem 2 of [KRT12] .
As the number of increasing steps from height at least 1 in Dyck paths are counted by the Catalan triangle, we deduce the following corollary. This result is a refinement of Theorem 5 of [KRT12] . To illustrate Theorem 2.1, here is an example with ℓ = 2 and n = 4. We have Q 2 and Figure 4 shows the fourteen Dyck paths of length 8 with marked decreasing steps ending at height greater than or equal to 2. We have eight Dyck paths under the horizontal line at height 2, four paths containing a single decreasing step ending at height 2, and two last paths containing 2 such decreasing steps. Let n be a positive integer, we will call non-decreasing parking functions of length n the set of all non-decreasing functions f from 1, 2, . . . , n into 1, 2, . . . , n such that for all 1 i n : f (i) i. It is well-known that their are counted by the Catalan numbers. It is also known that they are counted by the Catalan triangle (see (4)) if we refine by the value of f (n) and also counted by Narayana numbers (see (23) | t n x k is equal to the number of 132-avoiding permutations in S n such that the packed of their suffix of length n + 1 − ℓ begins with value k + 1.
Proof. Another interpretation of Proposition 3.1 consists in noticing that if a value σ i has a greater value on its left, the first value σ 1 of the permutation is also greater than σ i . By recurrence, a value σ i having ℓ greater values on their left is in fact smaller than the first ℓ values of σ. This is due to the fact that if σ ℓ < σ ℓ+1 , then σ ℓ+1 = σ ℓ + 1 (132 avoidance implies that the remaining greater values must be ordered) otherwise σ ℓ > σ ℓ+1 and a value seeing σ ℓ+1 greater on its left sees also σ ℓ and by induction all previous values. Now, as having ℓ greater values on the left is equivalent to be smaller than σ ℓ , this can be checked using the Proposition 3.1 on the suffix of length n + 1 − ℓ that we pack by commodity allowing us to keep 132-permutations (on smaller length when ℓ 2).
For example, with ℓ = 2 and n = 4, we have Q A new bijection between 132-avoiding permutations and non-decreasing parking functions. Let σ ∈ S n be a 132-avoiding permutation. We set
Theorem 3.3. Let n be a positive integer. φ establishes a bijection between 132-avoiding permutations of length n and non-decreasing parking functions of length n.
Proof. First, we check that φ is a map that builds a non-decreasing parking function on length n. This is relatively easy to see as a value having k greater values on its left must be at position at least k + 1 so that mmp(0, k, 0, 0) + 1 k. The fact that φ(σ) is non-decreasing comes from the fact that values having k greater values on their left thus have k − 1 greater values on this same side. We can build the inverse bijection using Proposition 3.1. We start with the empty permutation, we insert at the left each value from the non-decreasing parking function by a left to right reading and we add 1 to values greater than or equal to the new value inserted (in this way, we keep a permutation at each step). Let us do that on the parking function (1, 1, 2, 4, 4, 6, 6, 6, 7).
1 is read 1 1 is read 1(1 + 1) = 12 2 is read 21(2 + 1) = 213 4 is read 4213 4 is read 4(4 + 1)213 = 45213 6 is read 645213 6 is read 6(6 + 1)45213 = 6745213 6 is read 6(6 + 1)(7 + 1)45213 = 67845213 7 is read 76(7 + 1)(8 + 1)45213 = 768945213
The reader can check that this non-decreasing parking function corresponds to the permutation from Figure 1 . Proposition 3.1 applied at each step gives the relation between the k th value and mmp(0, k, 0, 0)(σ).
Classified along their last part (which corresponds to mmp(0, 1, 0, 0) on the side of 132-avoiding permutations), non-decreasing parking function are counted by the Catalan triangle (see (4)), we thus have the following corollary. 
The first examples are
It happens that their series is easy to compute directly. In a further paper, Kitaev and Liese explain that the coefficients are related to the Catalan triangle [KL13] . 
We thus recognize a simple recurrence Theorem 3.6. We have
We can prove this property with at least three different approaches: the first one is analytic by noticing that Formula (24) presented by [KRT12] at x = 0 imply our relations, the second method builds a bijection between the related sets, the last one shows that simple combinatorics objets counted by these numbers satisfy the induction.
3.3.1. The analytic proof. In order to simplify the notations, we define R (t, 0). Here C n denote the n th Catalan number. Formula (24) of [KRT12] 
If n < k, thus n − 1 < k − 1 and n − i < k − i, hence by induction on n + k and using R n n = C n , we get R k n = R k−1 n . If n ≥ k, we suppose the theorem true for all pairs (n ′ , k ′ ) with n ′ + k ′ < n + k. We have
3.3.2. The bijective proof on permutations. Let us denote S(n, k) the set of permutations avoiding 132 and avoiding the mesh pattern (0, k, 0, 0). Then, Proposition 3.7. The set S(n, k) is composed of permutations of size n avoiding 132 whose position i of 1 satisfy i ≤ k. In particular, S(n, k)/S(n, k − 1) consists in elements where 1 is at the k th place. It is equivalent to say that the descents composition of these permutations have their last part equal to n + 1 − k.
Proof. Let p be a permutation avoiding 132 and let i the position of its 1. If i > k, then p does not avoid (0, k, 0, 0). Otherwise, as p avoids 132, all values after 1 must be in increasing order. That implies that the number of points in quadrant II is maximal for the position i and that it is bounded by i − 1 < k. From this remark concerning the order of the elements after 1, we deduce the interpretation in terms of descents composition of p.
The set S(n, k) splits into two blocks: the permutations for which 1 is at position k and the other. The second ones are directly element of S(n, k − 1). Permutation avoiding 132 in which 1 is in position k are in bijection with element of S(n − 1, k) using the following process: remove the 1 and pack the obtained result.
For 3.3.3. Proof using other combinatorics objects. The Catalan triangle counts for example non decreasing parking functions of size n and maximum k. Let us denote N D(n, k) the set of non decreasing parking functions of size n and maximum at most k. Then Q (0,k,0,0) n,132 (t, 0) counts the cardinality of N D(n, k).
We thus immediate check the induction formula of Theorem 3.6: either p ∈ N D(n, k) ends with a value smaller than k and is an element of N D(n, k − 1), either p ends by k and in this case p without its last part is an element of N D(n − 1, k). We point out that if n < k, p can end by k, that justifies how the second case is empty and thus the two cases of the theorem.
Moreover, they also satisfy Formula (24) of [KRT12] at x = 0: 3.3.4. Connections with descents. Proposition 3.7 shows that elements of S(n, k) are the permutations avoiding 132 whose descent compositions is less fine than I(k) = (1 k−1 , n − k + 1). Let us consider the left weak order <, the permutohedron on values. Let us denote by t(I) (resp. s(I)) the greatest (resp. smallest) permutation avoiding 132 for < of descent composition I.
Let us recall that < restricted on 132 avoiding permutations is the order called Tamari order and that we can also obtain it as quotient of the weak order by grouping permutations along Sylvester classes on theirs inverses [HNT05] .
As descent classes are union of Sylvester classes on their inverses and as they inherit a lattice structure for the refinement order, we deduce Proposition 3.8. For all n and all k, elements of S(n, k) are the interval [id, t(1 k−1 , n − k + 1)] for the Tamari order.
Moreover, the set
In particular, S(n, k) splits into a union of intervals for the Tamari order.
Proof. The first part comes from the previous discussion. The second part is a consequence of the second part of Proposition 3.7 and the fact that compositions ending by k are all in the interval We get a generalization of this result for the other coefficients of polynomials Q n,132 :
Proposition 3.9. Let n be a positive integer. Let us consider the polynomial Q (0,k,0,0) n,132
(t, x). The permutations whose monomial in x is smaller than a certain value ℓ is a superior ideal of the Tamari order. We denote by I(n, k, ℓ) this ideal. We will denote N (n, k) the Narayana number indexed by n and k.
7 6 8 9 4 5 2 1 3 Figure 5 . Construction of the binary decreasing tree associated with σ = 768945213.
Theorem 4.1. We have ∀ n 1, ∀ 0 k n − 1,
This theorem precise Theorem 11 of [KRT12] . A way to see that is to consider the binary decreasing tree associated to a 132-avoiding permutation. Let us see that on an example, the same permutation as in Figure 1 : σ = 768945213. We build a binary tree by inserting the greatest value (here 9), then split the permutation into two parts, 768 on the left and 45213 on the right. Values in the first part have to be inserted on the left of this 9 and the other part on the right. We still begin by the greatest remaining values of each sub-part. Therefore, the resulting tree is decreasing as we go deeper in it (see Figure 5 ).
This construction is well-known to describe a bijection as we can recover the permutation by gravity (or an infix deep first search reading of the tree). Moreover, if we forget the labels and only keep the binary tree shape, the previous map is still a bijection between 132-avoiding permutations and planar binary trees. The avoidance of pattern 132 makes that the tree can be uniquely labeled by 1, 2, . . . , n decreasingly. The labels must be set from n, then n − 1, . . . , 1 following a prefix deep first search of the tree. As prefix deep first search consists in parsing the root, the left child then the right child all recursively, the resulting tree is therefore decreasing and does not contain any 132 pattern.
In the permutation σ = 768945213, the four values 8, 9, 5 and 3 see at least a point in quadrant III. These values correspond exactly to the nodes of the corresponding tree having a left child. Proposition 4.2. Let σ be a 132-avoiding permutation of S, the number mmp(0, 0, 1, 0) of positions matching with M M P (0, 0, 1, 0) is equal to the number of left branches in the binary decreasing tree associated to σ.
Proof. This fact is obvious due to the construction. A value to the left and smaller than a given value must be inserted on the left and deeper as the tree is decreasing, and on the other side, a node having a left child sees at least one smaller value on its left. As the tree is decreasing and values inserted on the left are left in the permutation, any node having a left child matches the pattern M M P (0, 0, 1, 0). Proof. This is a straight-forward generalization. The bijection between binary trees and 132-avoiding permutations contains this result, a position matching with M M P (0, 0, ℓ, 0) has a value that sees at least ℓ smaller values on its left. All these smaller and left values are inserted to the left of the concerning node in the binary decreasing tree. This give another proof of the second part of Theorem 3 of [KRT12] .
For example, with ℓ = 2 and n = 4, we have Q (0,0,ℓ,0) 4,132 (x) = 5 + 7x + 2x 2 . As one can check on Figure 6 displaying the fourteen binary trees over 4 nodes in which the left sub-trees over at least 2 nodes have been circled.
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